












Let (X,A, µ) a measure space, A ∈ A, f : A→ [−∞,+∞]
f is said to be measurable, if for any α ∈ R
{x ∈ A | f(x) ≤ α} ∈ A
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Proposition Let (X,A, µ) a measure space, A ∈ A, f : A→ R. The
following are equivaent
i) {x ∈ A | f(x) ≤ α} ∈ A
ii) {x ∈ A | f(x) < α} ∈ A
iii) {x ∈ A | f(x) ≥ α} ∈ A
iv) {x ∈ A | f(x) > α} ∈ A
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Theorem’s proof follows from the equalities
{x ∈ A | f(x) ≤ α} =
∞⋂
n=1





Theorem’s proof follows from the equalities
{x ∈ A | f(x) ≤ α} =
∞⋂
n=1
{x ∈ A | f(x) < α + 1
n
}
{x ∈ A | f(x) > α} = A \ {x ∈ A | f(x) ≤ α}
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Theorem’s proof follows from the equalities
{x ∈ A | f(x) ≤ α} =
∞⋂
n=1
{x ∈ A | f(x) < α + 1
n
}
{x ∈ A | f(x) > α} = A \ {x ∈ A | f(x) ≤ α}
{x ∈ A | f(x) ≥ α} =
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Theorem’s proof follows from the equalities
{x ∈ A | f(x) ≤ α} =
∞⋂
n=1
{x ∈ A | f(x) < α + 1
n
}
{x ∈ A | f(x) > α} = A \ {x ∈ A | f(x) ≤ α}
{x ∈ A | f(x) ≥ α} =
∞⋂
n=1
{x ∈ A | f(x) > α− 1
n
}
{x ∈ A | f(x) < α} = A \ {x ∈ A | f(x) ≥ α}
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Proposition. Let (X,A, µ) a measure space,, A ∈ A, f, g : A → R
measurable functions. Then are also measurable:
i)α f, con α ∈ R





v) max {f, g}
6/27 Pi?
22333ML232
If f : A→ R is measurable then are also measurable:
i) f+ := max {f, 0}
ii) f− := max {−f, 0}
iii) |f | = f+ + f−
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If f : A→ R is measurable then are also measurable:
i) f+ := max {f, 0}
ii) f− := max {−f, 0}
iii) |f | = f+ + f−
f+ is called positive part of f, f− is said negative part of f
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Proposition Let (X,A, µ) a measure space, A ∈ A, (fn)n : A →
























Theorem If f : R→ R is differentiable, then f ′ is measurable.
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Theorem If f : R→ R is differentiable, then f ′ is measurable.











Theorem If f : R→ R is differentiable, then f ′ is measurable.









thesis follows from measurability of (gn) and from gn → f ′(x)
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Any measurable function is the limit of a sequence of simple functions:
Rudin theorem 10:20
Theorem. Let (X,A, µ) a measure space, A ∈ A
Following statements on f : A→ R are equivalent
i) f is measurable
ii) exists a simple functions sequence (fn)n which domain A such that
for any x ∈ A, |fn(x)| ≤ |f(x)| and
lim
n→∞ fn(x) = f(x)
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Senza entrare nel dettaglio della prova, si utilizza come approssimante
la successione di funzioni
fn(x) =







≤ f(x) < k
2n
, 1 ≤ k ≤ n2n
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Integral of nonnegative functions
Let (X,A, µ) , a maesure space, A ∈ A, f : A→ [0 +∞] measurable
the integral of f with respect to µ on A is∫
A
f dµ := sup
{∫
A























Definition. Let (X,A, µ) a measure space, f : X → [−∞,+∞]
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Definition. Let (X,A, µ) a measure space, f : X → [−∞,+∞]






















f−dµ, is finite. In this situation also the



























|f | dµ (D)
15/27 Pi?
22333ML232





|f | dµ (D)
Proof. Write X = A ∪B where f ≥ 0 on A and f < 0 on B.
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|f | dµ (D)























|f | dµ (D)































If f : X → [−∞,+∞] is measurable, fixed A ∈ A we will say that
f is integrable on A if f1A is integrable on X. In such situation the








If f : X → [−∞,+∞] is measurable, fixed A ∈ A we will say that
f is integrable on A if f1A is integrable on X. In such situation the






We denote with L(X) the set of the real functions summable on X
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Almost everywhere properties. If (X,A, µ) , is a measure space
a statement P relative to elements of X holds µ almost everywhere if
the E subset of X where P does not hold has measure zero.
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Almost everywhere properties. If (X,A, µ) , is a measure space
a statement P relative to elements of X holds µ almost everywhere if
the E subset of X where P does not hold has measure zero. In other
words, a proprerty is true µ almost everywhere if there exists a set
N ∈ A such that µ(N) = 0 and that all the points such that P does
not hold belong to N .
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Almost everywhere properties. If (X,A, µ) , is a measure space
a statement P relative to elements of X holds µ almost everywhere if
the E subset of X where P does not hold has measure zero. In other
words, a proprerty is true µ almost everywhere if there exists a set
N ∈ A such that µ(N) = 0 and that all the points such that P does
not hold belong to N .
Example f, g : X → [−∞,+∞] are measurable we say that f = g
almost everywhere if
µ ({x ∈ X | f(x) 6= g(x)}) = 0
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Example. Let f, g : X → [−∞,+∞] measurable. We say that f ≤ g
almost everywhere if
µ ({x ∈ X | f(x) > g(x)}) = 0
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Example. Let f, g : X → [−∞,+∞] measurable. We say that f ≤ g
almost everywhere if
µ ({x ∈ X | f(x) > g(x)}) = 0
Proposition. Let (X,A, µ) , a complete measure space and let f = g
almost everywhere. If f is measurable, then g is also measurable.








Lebesgue Integral in R.
Lebesgue integral generalizes Riemann integral. Lebesgue Vitali The-




Let f : [a, b]→ R bounded. Then
a) f ∈ R ([a, b]) ⇐⇒ f ∈ C ([a, b]) almost everywhere in [a, b]









Recall the definition of Dirac measure.
Let x0 ∈ X. For any A ∈ P(X)
δx0(A) =




Recall the definition of Dirac measure.
Let x0 ∈ X. For any A ∈ P(X)
δx0(A) =
1 if x0 ∈ A0 if x0 /∈ A




Recall the definition of Dirac measure.
Let x0 ∈ X. For any A ∈ P(X)
δx0(A) =
1 if x0 ∈ A0 if x0 /∈ A
Observe that δx0(A) = 1A(x0)
Every function is integrable with respect to Dirac delta concentrated





Consider the measure defined by the following procedure. Let (xn) a





in such a way µ enumerate how many elements of (xn) lies in A.
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in such a way µ enumerate how many elements of (xn) lies in A.



























Every nonnegative measurable function on a measure space (X,A, µ)
generates a new measure.
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Every nonnegative measurable function on a measure space (X,A, µ)
generates a new measure.
Theorem Generation of measures
Let (X,A, µ) a measure space, f : X → [0 +∞] nonnegative and





is a measure on A
Moreover φ is finite, i.e. φ(X) < +∞ if and only if f ∈ L(X,µ)
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Proof. It is obvious that φ(∅) = 0. To complete the proof we have











If f is a characteristic function of some measurable set E the countable





1Edµ = µ(A ∩ E)
26/27 Pi?
22333ML232
If f is a characteristic function of some measurable set E the countable





1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
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1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
But since (A ∩ E) ∩ (B ∩ E) = ∅ then
φ(A ∪B) = µ((A ∩ E) ∪ (B ∩ E)) = µ(A ∩ E) + µ(B ∩ E)
= φ(A) + φ(B)
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If f is a characteristic function of some measurable set E the countable





1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
But since (A ∩ E) ∩ (B ∩ E) = ∅ then
φ(A ∪B) = µ((A ∩ E) ∪ (B ∩ E)) = µ(A ∩ E) + µ(B ∩ E)
= φ(A) + φ(B)
The extension to countable union of disjoint sets is straightforward
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In the general case of f nonnegative measurable, for any simple func-























In the general case of f nonnegative measurable, for any simple func-
















Thus recaling the definition of integral of a measurable function we








f dµ = φ(A) ≤
∞∑
n=1
φ(An) (A)
